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In solving large simulation problems using Newton’s method, a large sparse linear
system Ax =b has to be solved. The cost of solving its problems can dominate the
overall solution cost of the problem. Current approaches of reducing these costs are
reviewed, and then a new algorithm for preordering the sparse matrix A is described that
is based on the hierarchical structure provided by an object-oriented description of many
recent modeling systems such as ASCEND, gPROMS, DIVA, and Omola. Particularly,
rapid preorderings are obtained to support interactive manipulation of models and effi-
cient solutions in automatic process synthesis algorithms, two applications where the
preordering cost will be spread over only a few factorizations. With a factorization rou-
tine that permits a-priori reorderings (LUISOL), this algorithm produces order of mag-
nitude reductions in analysis and factoring times as well as in fill and operation count
over our previous experience. The time to factor the 50,000 Newton equations for a
highly recycled ethylene plant model is of the order of a few seconds on a conventional
workstation. Abstracting and applying the fundamental concepts of this algorithm made
it possible to improve the performance of the ma28 code significantly. This approach
makes solution speeds competitive with and generally more consistent than codes con-

sidered the state-of-the-art (ma48 and umfpack 1.0).

Introduction

About three years ago, we started an investigation into how
we might improve our equation-based modeling environment
ASCEND (Piela et al.,, 1991) so it could solve much larger
problems. The version of ASCEND at that time was capable
of solving models up to about 10,000 equations. A 150-mega-
byte workstation we used ran out of space for larger prob-
lems; it also took a few tens of minutes to solve such a prob-
lem. Our goal was an order of magnitude increase in problem
size while solving on the same workstation as we then used.

We first wished to reduce the solving times, the primary
subject of this article. We solve the simultaneous nonlinear
equations generated by the model iteratively using a variant
of Newton’s method. This method has, as an inner loop, the
time-consuming repeated solution of a set of linear equa-
tions. The coefficient of these linear Newton equations is the
Jacobian matrix for the nonlinear equations evaluated at the
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current guess for the solution. Solving involves factorizing this
Jacobian matrix into its LU factors.

Our experience from the early 1980s for Jacobian matrices
derived from chemical flowsheet models suggested that fac-
torizing times for them grew quadratically with the number
of equations, a growth one would like to avoid. Thus our
strategy to get reduced solve times might revolve around
keeping the problems we have to factorize small. However,
many flowsheets give rise to very large sets of equations that
must be solved simultaneously. Our only hope would be to
decompose these large simultaneous problems.

To assess the potential for improving factorization times,
we ran the following computational experiment. We set up a
model in ASCEND involving four distillation columns. It gave
rise to about 6,000 equations. The Jacobian matrix had ap-
proximately 36,000 nonzeros in it, that is, an average of about
6 nonzeroes per equation. In the first variant of the model,
we sequenced the columns by having a product from the first
column serve as the feed to the second, a product from the
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second as the feed to the third, and finally a product from
the third as a feed to the fourth. The resulting nonlinear
equations had a block lower triangular (BLT) permutation
primarily of four large blocks, one for each column. Our solver
found and solved these blocks sequentially. However, we
turned off the BLT permutation (a flag setting accessible
through the interface of ASCEND) and forced the system to
treat all the equations simultaneously. The LU factors had
about 50,000 nonzeros in them, 14,000 more than in the origi-
nal Jacobian corresponding to a growth factor of just under
1.4. This is a very modest amount of fill.

We then altered the model so a product from the fourth
column recycled back to the first. The recycle added only a
few nonzeros to the 36,000 already in the Jacobian. These
nonzeros changed the behavior when factorizing as the equa-
tions no longer had the potential to be permuted to block
lower triangular form. One has to solve virtually all 6,000
equations simultaneously. When LU factoring, the number of
nonzeros grew to about 360,000, a growth factor of about 10.
Our experience suggests such a factor is not uncommon. We
wondered how so few nonzeros added to the Jacobian caused
such a dramatic change in the growth of nonzeros. This
growth has at least three unwanted side effects: much longer
factorizing times, a requirement for much more computer
memory to factor, and more chance for round-off errors to
become a problem. We wondered if we could automatically
find and treat as special those few nonzeros that caused the
problem and regain the much reduced growth factors for fill
of the first version of the model.

This experiment suggested we should look for algorithms
that try to find elements to remove so a matrix will partition
into smaller problems. The motivation is simple. Suppose we
have a very large problem requiring the simultaneous solu-
tion of n equations. If we can successfully decompose these
equations into k equal size parts and construct the solution
from the parts at virtually no cost, the following model shows
that times will decrease by a factor of k if problem times
grow quadratically with problem size

na2
solve time with decomposition k ( * )
3

(D

x| -

solve time without decomposition on

Unfortunately, “clustering” algorithms that operate on
sparse matrices to find where to decompose them are NP
complete and have the reputation of being expensive to exe-
cute. For example, Papalombros (1996) estimated it would
take about two minutes to analyze 1,000 equations for a mod-
eling system he is developing at the University of Michigan.
If we were fortunate and times scaled linearly with problem
size, it would take 100 times that for 100,000 equations.

Factorizing is the carrying out of the sequence of pivoting
operations of Gaussian elimination. One would like to choose
the pivot sequence to minimize fill, tempering one’s decisions
so the pivots chosen are not too small to use from a numeri-
cal point of view. However, the search for the pivot sequence
that overall produces the least fill can often take much more
time than factorizing with the pivot sequence that causes the
most fill. Thus, sparse matrix packages usually approach find-
ing the sequence by using local decision-making. Typically,
they use a greedy approach where, at each pivot step, they
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pick from among the numerically large enough pivots the one
that creates the least fill as the next pivot step is executed.
These packages make a sequence of best “local” decisions.
Unfortunately, such a pivot may be among the worst globally,
leading to explosively large fill later. Some packages restrict
the search in this local decision process to an arbitrarily short
distance within the sparsity pattern, a strategy which can in-
directly take advantage of the flat flowsheet structure of units
and streams.

Since clustering algorithms that look at the sparsity pattern
for a Jacobian matrix are expensive (Sangiovanni-Vincentelli
and Chen, 1977), Karypis and Kumar, 1995a,b,c), we looked
for another way to find the clustering. We proposed that the
model itself, as expressed within a hierarchical modeling sys-
tem, offers us information about how we ought to cluster
equations so there are few variables connecting them. In this
article we show that we can use this information in a very
simple and fast manner to discover ways to reorder the equa-
tions such that when we carry out the factorization step, we
get significant reductions in the resulting fill. The approach is
a global one rather than a local one.

We can use the insights gained from this work to explain
the solving time experiences seen lately in industry where they
are optimizing large detailed process models involving a few
hundred-thousand equations to improve the control of proc-
esses: they are presenting their models to the sparse matrix
package in a very special way, and they are restricting how
the sparse matrix packages can select pivots. In the final sum-
mary and discussion section, we shall use the insights gained
here to suggest when and how they might improve even these
times by requiring slightly more information from the model-
ing packages.

The literature on solving large sparse sets of linear equa-
tions which influences this work is reviewed. Existing sparsity
preserving reorderings, including those that reorder based on
tearing, to motivate our approach is discussed in detail. Our
new preordering algorithm, TEAR-DROP, is discussed which
we motivate with a simple flowsheet and then illustrate with
two examples. The results are presented and discussed of nu-
merical tests we carried out on matrices with order up to
80,000 and over 390,000 nonzeros. Algorithms that we pro-
pose can make many existing factorization algorithms much
faster to be competitive with the best algorithms available.
Detailed data are included on the reordering and factorizing
performance of the alternatives tested, followed by a sum-
mary discussion.

Review for Solving Large Sparse Sets of Linear
Equations

We review some of the important aspects of solving large
sparse linear systems of equations of the form A4x =15, in
particular sparse matrix analysis. We examine the decomposi-
tion schemes often used to tackle these systems and attempt
to explain the reasons for their inconsistent efficiency. The
solution process can be considered to have analysis, factor-
ing, and solution phases (Duff et al., 1989). For our discus-
sion, the matrix A is a sparse real n X n matrix and does not
possess desirable properties such as structural and numerical
symmetry, positive definiteness, or diagonal dominance. A has
T NONZETO entries.
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Matrix decomposition techniques have been proposed in
the literature to attempt to break the O(nr) cost associated
with sparse matrix analysis and factorization. The results have
been mixed, with most proponents of decomposition resort-
ing to the apology: “Decomposition techniques, though often
times slower than dealing with the problem as a whole, are
necessary when the problem size becomes large enough.” In
addition, some of the decomposition schemes are not neces-
sarily numerically stable (see Edie and Westerberg, 1971; Duff
et al.,1989).

Very fast algorithms exist for obtaining a block lower trian-
gular form, provided that a maximum transversal exists (Sar-
gent and Westerberg, 1964; Tarjan, 1972). The complexity has
been shown to be O(r). One uses sparsity preserving reorder-
ings (SPR) either for minimizing fill-in or to confine fill-in
when factoring a sparse matrix. We apply the SPR algorithms
to the matrix either a priori or dynamically during factoriza-
tion. The Markowitz criterion is a dynamic reordering scheme.
Some of the a priori techniques that have been developed are
found in Hellerman and Rarick (1972), George (1973), George
and Liu (1980), Wood (1982), Stadtherr and Wood (1984a),
Coon and Stadtherr (1995). We shall not attempt a detailed
discussion of SPR algorithms here. These references as well
as Chapter 7 of Duff et al. (1989) should be consulted. It
suffices to mention that finding an optimal sparse matrix re-
ordering falls into the class of NP-complete problems, thus
the reordering algorithms are heuristic.

The complexity of reordering varies with the different algo-
rithms but has been found to be typically O(n+). For large
matrices, these reorderings become very expensive, while of-
ten failing to yield desirable results. If 7 is proportional to n,
as it often is for process simulation problems, then the re-
ordering algorithms are of O(n?). Most SPR algorithms have
some greedy element as a global optimization is prohibitively
expensive. Greedy heuristics along with failure of tie break-
ing rules very quickly lead to bad decisions which propagate
and lead to poor reorderings. Empirically, we have observed
that an SPR such as SPK1 (Stadtherr and Wood, 1984a) will
start to perform poorly on matrices with as few as 900 to
1,200 rows.

Stadtherr and Wood (1984a) give detailed comparisons of
several reordering techniques applied to asymmetric matri-
ces. They report that their BLOKS algorithm (one special-
ized to chemical engineering stream and unit structures),
which restricts reordering to particular regions of the matrix,
consistently gave the lowest reordering times. The reordering
times for SPK1, one of the better general reordering algo-
rithms, on a few irreducible matrices are shown in Table 1.
These times are considered to be prohibitive in an interactive
modeling or automatic synthesis context. The Markowitz cri-
teria has also been observed to give very long run times on
large matrices (Duff and Reid, 1993).

The factoring phase commonly uses some variant of Gauss-

Table 1. Reordering Times

Order n Nonzeros Time (s)*
4 Cols 12,456 44,800 20.89
10 Cols 31,140 115,830 119.98
Isom__ 30K 19,995 105,102 27.73

*HP 9000/715 workstation.
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ian elimination (see Stadtherr and Wood, 1984b; Mallya and
Stadtherr, 1995; Carmarda and Stadtherr, 1995; Davis and
Duff, 1993, and the references contained therein). Some form
of pivoting is used by most of the schemes to maintain nu-
merical stability while factoring. Pivoting is a straightforward
exercise in some methods and very difficult in others. If a
zero or near zero diagonal element is encountered at any
stage of the LU factorization algorithm, it is necessary to ex-
change that element with an element of larger value. Thresh-
old pivoting is a relaxation of partial pivoting that requires at
every step the following relationship be satisfied

iakkIZulakjl, Vj, ]>k (2)

where u is a suitable value in the range 0 <u<1. (If u=1
one obtains the partial pivoting criterion.)

The solution of problems by tearing is an approach by which
we remove a part of the given probiem so that the remaining
subproblems can be analyzed independently (Hajj, 1980).
Most workers who have employed tearing have pushed this
concept further; they solve the now independent subprob-
lems (frequently on some sort of multiprocessing computer)
and then attempt to combine their solutions with the torn-
away part in order to obtain the solution for the overall prob-
lem (George, 1974; Hajj, 1980; Vlach, 1985; Moriyama, 1989;
Tordache, 1990; Nishigaki et al., 1990, 1991; Zecevic and Sil-
jak, 1994). Tearing was apparently first introduced by Kron
in 1951 (Kron, 1963). It is a widely used technique in chem-
ical engineering practice applied to solving flowsheets in a
sequential modular manner (Barclay and Motard, 1972;
Upadhye and Grens, 1975; Westerberg et al., 1979) and it
amounts to tearing at the nonlinear level of the problem. The
success of the tearing techniques has been mixed. Vlach re-
ports higher fill than without tearing. Nishigaki et al. report
much lower fill. Almost all workers find that there is an in-
crease in factorization time when using single processors, and
most resort to the apology of decomposition we mentioned
earlier. A serious issue can be that of the numeric stability of
block factorization schemes as aptly raised by Duff et al.
(1989), as well as the applicability of the algorithms to large
asymmetric matrices. The matrices tested in the literature
cited are of relatively low order and are often structurally
and numerically symmetric.

Motivation for a new algorithm

We are motivated to develop a new algorithm based on the
following observations:

o SPRs are expensive. For large matrices, the analyze time
can be significantly greater than the factorization time be-
cause of the O(n7) or worse complexity. We wish to obtain
much better reordering times, in a more general way than
that of the BLOKS aigorithm.

e SPR are based on heuristics. In particular most of these
algorithms employ row and column counts in their decision-
making process. They also depend on tie breaking rules. For
large problems, or problems with a lot of structure, the tie
breaking rules quickly fail. Bad decisions are made which then
are allowed to and usually do propagate throughout the rest
of the reordering.
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e Explicit tearing should be avoided to reduce the intro-
duction of artificial singularities during solving. Only when
memory available on the processor(s) is inadequate should
we resort to hiding information by tearing.

Based on our introductory discussion, we make the follow-
ing conjecture. The cost of factoring an irreducible matrix A
should be only slightly more expensive than that of factoring a
bordered block diagonal matrix A" nearly identical to A, where A’
is highly reducible.

TEAR-DROP Reordering Algorithm

Our objective is to solve the linear set of equations, Ax = b,
where matrix A4 is an irreducible block extracted from the
Jacobian matrix for the nonlinear equations of our model.
We present here an algorithm to order a sparse matrix that
improves subsequent matrix-based reorderings and factoriza-
tions. We call our algorithm the TEAR-DROP algorithm
(tearing, decomposition, reordering and partitioning). The in-
put to this algorithm is an unacceptably large irreducible ma-
trix A, one that has more than #n,,, rows and columns in it,
where n_ .. is the maximum size matrix to which we wish to
apply a matrix-based SPR algorithm. A typical maximum size
is about 1,000 for our flowsheeting examples.

The TEAR-DROP reordering algorithm discovers how to
decompose such a matrix and put it into a recursive bordered
block diagonal (RBBD) form, as shown in Figure 1. The algo-
rithm makes use of a model part/whole hierarchy in the form
of a directed acyclic graph (DAG) and may be applied to any
system of equations grouped hierarchically. We shall show

Ay 0
Al] Anzz A12
0 A
Ay Ay
(a)
A1y
N
Apq Ajp
(b

Figure 1. (a) Bordered block diagonal and (b) recursive
bordered block diagonal matrices.
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Figure 2. FS, a simple flowsheet.

that the complexity of the ordering algorithm is O(r-logn).
When the reordered matrix is submitted to a linear equation
solving code to be LU factored, the factoring code used must
not apply its own sparsity preserving reordering in a way which
will substantially disturb the a priori ordering unless very dif-
ficult pivots are encountered.

We first motivate our approach with an example. Figure 2
illustrates a simple process flowsheet containing a recycle.
Each of these unit models is built of parts, including its input
and output streams. For greater generality, we assume the
equivalence of an input stream for one unit to an output
stream for another. This assumption will lead to a directed
acyclic graph (DAG) form of part/whole hierarchy. The
streams themselves may also be built of parts, including a
part, for example, that includes the equations to compute the
physical properties for it.

We may wish to add specification equations which relate
variables belonging to more than one unit model. For exam-
ple, we might add a somewhat idyllic equation in the flow-
sheet that fixes the flow for the liquid stream leaving the flash
unit to equal the flow for a component in the feed to the
flowsheet. In a part-whole notation common to many object-
oriented languages this equation might be written

Flash lig__out.Ftot = Mixer.in[1].f[propanol];  (3)

Let us suppose that we gather together all the equations for
the model and fix an appropriate number of variables so the
model has an equal number of equations and variables to be
computed. We can then permute these equations into a lower
trinagular sequence of irreducible blocks. It is to reorder and
solve a large irreducible block in this sequence that we intro-
duce the TEAR-DROP algorithm. The block lower triangu-
lar permutation algorithm will find a transversal (output set
assignment) for these equations as it orders them. We retain
this assignment as we need it in the algorithm.

For greatest generality, we may represent the equations and
variables in an irreducible block by using a directed acyclic
graph (DAG) that represents the part/whole hierarchy of the
model. In simulators that associate each stream’s equations
with only the unit from which the stream exits as a product,
this graph will be a tree. The irreducible block of interest in
our model is the one representing the recycle part of the
flowsheet. Figure 3 presents the DAG for it. The flowsheet
node, which we call “FS,”is at the left of the DAG. We shall
say that is it the parent node for its children nodes that corre-
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Figure 3. DAG corresponding to the example flowsheet
model.

spond to its parts: mixer, reactor, flash, and splitter. Each in
turn has children nodes which represent its input and output
streams. The structure is a DAG and not a simple tree be-
cause nodes have more than one parent when a stream is
common between units.

Each node in this DAG introduces new equations into the
model. For example, the node for FS introduces (at least) Eq.
3 above to relate the liquid flow out from the flash to the
flow of propanol into the mixer. The nodes for the mixer,
reactor, flash and splitter models introduce their respective
heat and material balances plus any other equations they
need. The nodes for the streams introduce the equations
needed to compute their physical properties. The names on
the links indicate the name by which a child node is known to
the linked parent node.

Step I: preorder the equations

We first traverse this DAG to establish the preliminary or-
der for the equations in the Jacobian matrix A, an irreducible
matrix block of a larger problem. We label the nodes in the
DAG using a depth first-bottom up traversal algorithm like
that which follows.

AIChE Journal
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1. Set k to 1. Unlabel all nodes. Make top node the current
node.

2. Descend to a child node with no unlabeled children and
make it the current node.

3. Set the label for the current node to k. Enter the equations
belonging to the block and coming from this node into the next
row positions in the Jacobian matrix. If k is equal to the number
of nodes in the DAG, exit.

4. Increment k by one.

5. Retracing the downward path to the current node, ascend
to the parent node of the current node. If it has any unlabeled
child node, go back to step 2. Else, make this parent node the
current node and go back to step 3.

Applying this algorithm to the DAG in Figure 3 can result
in the numbering shown (the numbering that results is not
unique). Figure 4 shows the preliminary order for the equa-
tions in the Jacobian matrix, with the numbered blocks indi-
cating regions of nonzeros corresponding to the nodes in Fig-
ure 3. It is on this order for the equations in the Jacobian
matrix that we apply our tearing algorithm. Consider the en-
tire matrix to be matrix 4. We had no difficulty in making
this step of O(n), where there are n rows in A, as it requires
us to handle each equation one time as we place it in the
Jacobian matrix. This DAG labeling amounts to tearing some
edges of the DAG to obtain a tree which then guides the
placement of related equations in the matrix such that more
closely related questions are placed near each other. The im-
plementation details of this step may vary slightly with a spe-
cific modeling system.

Step 2: find the tears

Next divide the matrix A4 roughly in half horizontaily by
dividing at a boundary between adjacent equation sets com-
ing from two different nodes. For example, in Figure 4 if all
nodes supplied the same number of equations, we might do
our splitting at the boundary between the equations supplied
by node 5 and those by node 6, as shown. Find the columns
with incidence in both halves. Move these columns to the far
right of the matrix. Move the rows to which the transversal

p—
2
I

—

i

9
10

Figure 4. Preliminary equation ordering and first split
for the example model FS.

11
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Figure 5. Removing the “tear” columns and rows cre-
ates a BBD structure.

algorithm assigned these variables to the bottom of the ma-
trix.

These moves constitute a symmetric permutation of the di-
agonal, preserving its zero-free character. These columns and
rows form the border for the matrix, 412, 421 and 422. The
remaining matrix 411 is now split into two halves with no
variables in common. Placing all the columns for the upper
half first and the columns for the lower half second leaves
the matrix in bordered block diagonal form (BBD) as shown
in Figure 5. Any or all of the blocks 1 through 11 in Figure 4
may be reduced in Figure 5 by the rows and columns moved
to the border. This step is O(7) as we have to examine each
element of the matrix to see in which half it resides.

Step 3: reorder the halves

Ignoring the columns and rows just moved to the border,
block lower triangularize the two halves. If any of the parti-
tions is larger than n,,, make it matrix 4 and repeat from
step 1. This step is O(7) the first time if we use Tarjan’s algo-
rithm. The second time, we must apply it to each of the two
halves of the matrix O(7/2) which is still O(r), the third time
to four problems of size n/4 and so forth. We continue until
the diagonal blocks are all less than n, in size. Each step
stays O(7). The number of bisections will be k& where k is
approximately the smallest integer that satisifies

/A pax < 2k

Solving for k gives k to be roughly equal to log,(n)—
log (71,5, )- This preordering is O log,(n)].

Step 4: apply SPR to each block along the diagonal

All the blocks along the diagonal will now be less than n .,
in size (unless one of the nodes by itself in the DAG repre-
sentation produces more equations than n_,, ). Apply an SPR
to each of these matrices if the upcoming factorization re-
orders only on numeric grounds, or restrict the dynamic re-
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ordering during factorization to looking locally at a region
small enough to keep it in or very near these diagonal blocks
(for example, use NSRCH = 4 with ma28).

Step 5: LU factor the entire matrix

LU factor the entire irreducible matrix. If the factoring code
cannot find an acceptable pivot from a numerical point of
view within the block of the current equation, it should seek
a pivot in the closest border. Failing that, it should look at
the next closest, and so forth, until an acceptable pivot is
found. Any code that looks along a row or column and ac-
cepts the first reasonable pivot near the diagonal will carry
out this step properly. Looking further along into the borders
will add extra fill to the problem; the more to the outside the
border is, the more fill one will likely experience. If there is
no acceptable pivot, the original problem has numerical
problems. The code one uses here should not itself apply
sparsity preserving reordering to the overall matrix.

Examples

We present two examples here. The first is a very small
example involving only eight equations whose purpose is to
clarify the algorithm. The second represents a large process
model and shows the effect of using the above algorithm to
preorder its sparse Jacobian matrix, in contrast to using a
sparsity preserving algorithm (SPK1) on the entire matrix.

Eight equation example

We illustrate the ideas with the simple example in Figure 6
involving eight equations in eight unknowns. The large X in
each row of Figure 6a represents an output assignment for
each equation, found when analyzing the original problem
before step 1 of the previous algorithm. These equations form
a single partition; that is, they must all be solved together.
The DAG in Figure 6b shows how the equations are struc-
tured by the model. For example, node 1 at the bottom gen-
erates Egs. 1, 2, and 3. In step 1, we number the nodes in the
DAG using the bottom up depth first marking scheme and
get the numbering shown inside the nodes. Node 2 (Eq. 4)
and node 3 (Egs. 5 and 6), being on parallel branches, have
no variables in common. Variables belong to the lowest node
in which they appear in an equation for that node. Thus vari-
ables 1 through 4 belong to node 1.

Suppose n,,, to be 5 (a small number to allow us to illus-
trate the algorithm). Then, we must halve the problem as de-
scribed in Step 2 above. The border we use is between rows 4
and 5 (shown by the double line in Figure 6a), which is the
boundary between nodes 2 and 3. Columns 1 and 5 have inci-
dences in both halves. We move these two columns to the far
right, and we move the rows to which they are assigned, rows
1 and 8, to the bottom. These form the borders. Rows 2, 3
and 4 form one block; rows 5, 6 and 7 form the other. The
first block can be made lower triangular. The second forms a
single partition involving three rows and columns. If it is too
large, we would recursively split it only for the next step.
However, it already has fewer than n_, =5 rows so we stop.

We would next apply a sparsity preserving reordering to
only block 2, which is a block with only three rows. This con-
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Figure 6. (a) Incidence matrix and (b) its corresponding
tree.

trasts with applying it to the entire matrix involving eight rows
had we not decomposed the matrix using the TEAR-DROP
algorithm. The final result is shown in Figure 7.

4Cols matrix

Figure 8a shows a typical reordering when applying a spar-
sity preserving reordering to the entire matrix. Figure 8b re-
sults from using the RBBD TEAR-DROP algorithm. The
matrix in this example is the 4Cols matrix which we shall de-
scribe shortly. The reorderings are very different.

Numerical Tests
Test matrices

We tested the algorithm presented in the previous section
on a number of matrices, primarily derived from chemical
engineering problems. We give the classification and source
of the matrices in Table 2. We give the source of the matrix,
its order (n), its number of nonzeros (7), its average nonzeros
per row ( p), the fraction of the rows contained in the largest
irreducible block (y), as well as a brief description for each
matrix. The extensive test suite from the Harwell-Boeing col-
lection (Duff et al., 1992) could not be exploited, as
part/whole information required to assist the tearing selec-
tion is not available. All of the test matrices except rdist3a
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Figure 7. Partitioned incidence matrix.

and 1hr04 were obtained from models developed in the AS-
CEND system. Information to assist reordering for the rdist3a
and 1hr04 matrices was not available.

Incidence matrix
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4
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IR q Variables

x 10°

l.
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|
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0 2 4 6 8 10 12
(a)

Incidence matrix
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12 T : x 10
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®)
Figure 8. (a) Standard reordering vs. (b) tear-drop re-
ordering.

Vol. 43, No. 12 3199



Table 2. Test Matrices

Case Identifier n T

p v Description

1 Isom_ 30K 19995 105102

5.256 1.000 Rigorous boundary value formu-
lation of a pentane isomerization
reaction with 200 time steps. 4

reacting species in 8 components.

2 4 Cols 12456 44800

3.720 0.945 4 Mass balance distillation col-
umns with 9 components. 30 trays
per column, with the last column
bottoms recycled to the first col-

umn.

10 Cols 31140 115830

3.720 0.947 As in 2, but with 10 columns.

BigEquil 8986 54389

6.046 0.440 Rigorous distillation column with

30 trays, and 9 components.

5 PPP 14698 64023

4.356 0.558 Rigorous distillation column (pro-
pylene splitter) with 164 trays and

3 components.

6 Wood7 6858 33776

4.925 0.512 Complex hydrocarbon flowsheet
using rigorous thermodynamics,
based on example 7 in (Wood,

1982).

7 Wood8 17509 132081

7.543 0.518 Complex hydrocarbon flowsheet
using rigorous thermodynamics
and 15 components. Based on

example 8 in (Wood, 1982).

8 Ethyl60 59080 294293

4.981 0.343* Simplified model of ethylene

plant.

9 Ethyl80 79554 398163

5.004 0.631 As in 8 but with more stages and

different degrees of freedom.

10 rdist3a 2398 61896

25.812 1.000 Reactive distillation column from

J. Mallya (1994).

11 1hr04 4101 80755

19.19 0.861 Light hydrocarbon recovery

process from J. Mallya (1994)

*Three large blocks, the largest of order 20316.

Codes

In order to test the algorithms proposed, we used five di-
rect (rather than iterative) sparse matrix solvers. These are
rankikw, LU1SOL, ma28, ma48 and umfpack1.0. A brief de-
scription of the codes tested follows.

rankikw is a multipurpose implementation of the RANKI
factorization algorithm and is part of the ASCEND system
(Westerberg, 1989). We based it on the work by (Stadtherr
and Wood, 1984b). The SPR algorithm is the SPK1 algorithm
of Stadtherr and Wood as implemented in the ASCEND sys-
tem.

Stadtherr and Wood coded LUISOL, a rowwise Gaussian
elimination scheme. This code does not save the LU factors
but solves immediately for the solution vector x. It was devel-
oped in 1984. For the tests, we culled the factorization code
from the spar2pas package and fed it with an SPKI1 re-
ordered matrix from the rankikw driver.

ma28 (Duff, 1977) is a very popular code from the Harwell
Subroutine Library. It uses standard Gaussian elimination
with pivoting controlled by the Markowitz criterion. Pivots
must satisfy a threshold pivot requirement. The number of
rows to be searched in establishing the Markowitz counts can
be limited by a parameter NSRCH. This code has many op-
tions and only the defaults were used except for the NSRCH
parameter. The default value for NSRCH is 32768. The fac-
torization time for this code should be compared with the

3200
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total reorder and factorization for the rankikw and LUISOL
codes because of the Markowitz based pivoting.

ma48 (Duff and Reid, 1993) was designed to replace ma28.
It uses columnwise Gaussian elimination with capability to
switch to dense code at the later stages of factorization. It is
fundamentally different from ma28 in having distinct analyze
and factor phases. Like ma28, this code has many options
including an NSRCH parameter. The default for NSRCH in
ma48 is 3.

umfpackl.0 is the newest of the codes tested and was de-
veloped in 1995. It uses an unsymmetric multifrontal algo-
rithm that Davis and Duff (1993) developed and imple-
mented. It uses only dense kernels and uses a dynamic
Markowitz search for pivot selection. One can limit the search
with an NSRCH parameter as in the case of ma28. The de-
fault is 4. It does not use an a-priori reordering. The newer
umfpack 2.0 was not available when this work was conducted.

The rankikw code is implemented in the C language and
can make full use of the dynamic memory allocation features
of the language. The other codes are implemented in FOR-
TRAN. ma28, ma48, and LUISOL had their memory allo-
cated from the C based rankikw driver. We called umfpack1.0
with its own FORTRAN driver. We provided all of the FOR-
TRAN codes with as much memory as possible, a luxury not
normally available in interactive simulation environments.

For LU1ISOL and rankikw, we report two sets of numbers.
The first is the data for these codes using the standard re-
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ordering and factorization schemes. The second set are the
best times for these codes obtained using the new tearing and
reordering (TEAR-DROP) algorithm. We used a value of
1,000 or 2,000 for n,, for the TEAR-DROP algorithm. For
ma28 and ma48, Abbott (1996) reports three sets of raw data.
These correspond to values for NSRCH of 4, 10 and 1,000,
respectively. During preliminary runs with ma28 using the
default NSRCH parameter of 32,768, the run times were very
long. We decided to investigate the effect of the NSRCH pa-
rameter on the ma28 and ma48 codes. However, for the data
summaries here, we give only the data for NSRCH = 4. Both
codes can be very sensitive to small changes in NSRCH val-
ues less than 100, giving inconsistent performance.

The timing resuits are CPU times in seconds obtained on
an HP9000/715 with a maximum available memory of 256
MB. Wherever available, we report the following information

e reordering time (CPU s)

e factoring time (CPU s)

e the number of elements in the factored matrix.

Test results

In comparing the results, the eventual application of the
codes is important. In the context of solving an n X n system
of nonlinear equations using Newton’s method or a variant, it
is well known that approximately seven to ten Newton itera-
tions are normally required for solution when starting from a
good initial point. From an excellent initial point (as in slightly
perturbed systems, which occurs during numerical integra-
tion), one can achieve convergence in as few as two to three
Newton iterations. For the former case, the cost of an SPR
can be amortized over the seven to ten steps. Due to the
significant changes in data over a small number of iterations,
it is unlikely that one can use the pivot sequence between
factorizations. For this problem class, codes that use only dy-
namic pivoting, such as ma28 and umfpack1.0, are less attrac-
tive. Similarly, process synthesis using any form of generation
and test scheme requires inexpensive reordering. In the case
of sequential numerical integration with many iterations or
long running real-time optimization models, the cost of re-
ordering may be negligible compared to the total factoriza-
tion time. The slowly changing nature of data also suggests
that a pivot sequence may safely be reused (with appropriate
safeguards), which favors a code that has these capabilities.

Table 3 shows the performance of the LUISOL code with
the standard SPK1 reordering and the TEAR-DROP algo-

Table 3. Normal Reorder vs. Tear Drop

SPK1 and LU1SOL TEAR-DROP and LU1SOL

Reorder Factor Total Reorder Factor Total

Isom__30K 27.73 16.35  44.08 5.29 0.87 6.16
4Cols 20.89 2239  43.28 2.53 293 5.46
10Cols 119.98 11478 234.76 9.81 7.27 17.08
BigEquil 1.9 4.7 6.60 0.46 0.49 0.95
PPP 10.27 041 10.68 19 0.38 2.28
Wood7 1.5 0.24 1.74 0.42 0.18 0.60
Wood$8 13.38 26.47 39.85 2.34 4.36 6.70
Ethyi60 50.67 1322  63.89 8.78 2.31 11.09
Ethyl80 204.94 3235 237.29 15.49 3.95 19.44

rithm, The TEAR-DROP times include all the time taken for
tearing and reordering. In all cases the analysis and factor
times are faster with the TEAR-DROP algorithm, in some
instances by an order of magnitude. The number of fills and
the operation counts are also always lower. The SPK1 algo-
rithm is used as the SPR in TEAR-DROP Step 4.

We obtained similar results for the rankikw code (see Table
4). However, the improvement in factorization times was not
as significant nor as consistent as for the LUISOL code. This
is largely due to an expensive relabeling operation in the
rankikw implementation, which subsequent work in other
areas has eliminated.

Table 4 gives the analysis and factor times for the five codes
tested. In this table the total analysis and factor times are
reported. For the codes which have a distinct analysis phase
(rankikw, LUISOL and ma48), the analysis time is provided
in parentheses. We do not intend a direct comparison of the
codes, but perhaps the comparison is inevitable. Ignoring the
tested implementation of the rankikw code, all codes are
within a factor of 4 of the fastest code, and which code is
fastest varies with the problem.

One conclusion that may be drawn is that the TEAR-
DROP algorithm can make an older code competitive with
state-of-the-art codes if it can take advantage of better a pri-
ori reorderings. Another conclusion is that TEAR-DROP is
using explicit information about problem structure while some
matrix-based algorithms are either implicitly attempting to
infer the structure or explicitly assuming a matrix with a block
tridiagonal structure which is common but not universally
present in chemical engineering problems.

Hajj (1980) defines tearing as an approach by which part of
the given problem is torm away so that the remaining subprob-

Table 4. Analyze and Factor Time Summary™

rankikw and LU1SOL and ma28 ma48
TEAR DROP TEAR DROP NSRCH =4 NSRCH =4 umfpack1.0
Isom__ 30K (5.45) 46.06 (5.45) 6.16 4.56 (1.32) 1.67** 2.64
4Cols (291) 1248 (2.53) 5.46%* 6.47 (6.28) 8.24 597
10Cols (9.81) 61.61 (9.81) 17.08** 18.857 (22.65) 29.49 18.35
BigEquil (0.49) 3.25 (0.46) 0.95 0.88 (0.39) 0.54** 1.59
PPP (1.89) 9.62 (1.90) 2.28 1.42 (0.45) 0.59** 2.08
Wood7 (0.31) 1.41 (0.42) 0.60 0.29** (0.25) 0.34 1.10
Wood8 (2.34) 15.74 (2.34) 6.70 3.44%* (2.79) 3.62 5.03
Ethyl60 (7.14) 60.51 (8.78) 11.09 5.69 (2.52) 3.22%* 7.47
Ethyl80 (15.65) 286.3 (15.49) 19.44 N/A (4.24) 5.25%* 9.87
*The numbers in parentheses are the a priori analyze times where applicable.
**Shortest time for the named matrix.
"ma28 with NSRCH = 10. actually had a lower factorization time.
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Table 5. Effect of NSRCH on ma48

1hr04 rdist3a
NSRCH Analyze Factor Total Analyze Factor total
4 3538 2099 5637  53.07 33.66 86.73
10 33.49 18.49 5198 4954 2663 75.84
40 29.14 1573 4487  15.86 3853 5439
70 24.43 15.5 3993 21.68 31.14 5282
100 15.72 3148 472 14.25 3377 48.02
1,000 62.27 712 6939  62.24 2038 82358

lems can be analyzed independently. By restricting analysis to a
few rows via the NSRCH parameter, the Markowitz based
codes are practicing implicit tearing. A simplistic interpreta-
tion of a restricted Markowitz scheme is that the matrix is
divided into k independent parts, where k& = n/NSRCH. The
savings in analysis time is then that given by Eq. 1. The sim-
ple heuristic of restricting searches to a few rows or columns
has been very successful on the problems tested. However,
we have also obtained very inconsistent results, as shown for
the 1hr04 and rdist3a matrices (see Table 5).

A surprising result is the much higher fill that is incurred
with the a priori reordering schemes using the SPK1 reorder-
ing algorithm as compared to the dynamic reordering schemes
of ma28, ma48, and umfpack shown in Table 6. This same
trend is observed when comparing operation counts. This
suggests that the SPK1 algorithm may not be as efficient as
originally thought, even when restricted to reordering blocks
of size n,,,. A definite extension of this work is re-examina-
tion of the above results with different reordering algorithms
for the diagonal blocks. This could include the minimum de-
gree algorithm and even a static version of the Markowitz
criteria; the reordering algorithm would assume that no nu-
merical pivoting would take place and, at any given stage of
the reordering, should be made to operate on a region with
some maximum size n_, , which would need to be deter-
mined.

A potential area of research lies in total re-evaluation of
the SPR technology. A careful examination of the work by
Stadtherr and Wood (19842) shows that some of the reorder-
ing schemes developed were not tested because of their pro-
hibitively long execution times. If, however, we can control
the cost of reordering by restricting it to certain regions of a
matrix, as is done in this work, then we may examine more
sophisticated reordering schemes. The potential exists for re-
search into an entire class of reordering algorithms where
each algorithm aggressively sceks to minimize operation

counts but which should never be invoked on matrices above
a threshold size.

Detailed testing of TEAR-DROP algorithm

In the previous section, we examined the performance of a
number of different sparse codes that make use of better a
priori reorderings. In those tests we saw that the TEAR-
DROP algorithm used in conjunction with the SPK1 reorder-
ing performed well. In this section, we give some more de-
tails concerning the performance of the TEAR-DROP algo-
rithm itself.

The scope of these tests is limited. In particular, we used
only the SPK1 SPR. One should interpret the kind of results
reported here as the basis for determining reasonabie values
n .. for one solver/SPR combination. One can also use them
to evaluate in more detail the reduction in reordering times
we presented in the previous section. The data we report in
Table 4 are the total ordering and SPR execution times. Table
7 presents a breakdown of these times. One can use the or-
dering times to evaluate the claimed complexity of the
TEAR-DROP algorithm.

We used the LUISOL solver for all the tests wherever we
report factorization times. The test matrices we used were
those presented in the previous section. For each matrix we
tested we provide the following information:

e Ordering time with TEAR-DROP

e Total ordering and SPR time

e Number of diagonal blocks (equal to the number of SPR
reorderings done)

e Size of the largest diagonal block

e Number of border “tear” columns found

e Factorization time in seconds on an HP 9000/715.

Summary and Discussion

Inspired by BLOKS and resuits from tearing experiments,
we have developed a matrix preordering algorithm which uses
global part/whole information derivable from object-oriented
simulators. (As such, this preordering is not specific to proc-
ess flowsheeting models.) We have seen that this preordering
substantially reduces matrix ordering and factoring times on
a range of flowsheeting problems. Our approach can handle
flowsheets containing units with widely varying numbers of
equations per unit. Our approach also addresses concerns ex-
pressed by other authors when describing matrix-based algo-
rithms which expect an underlying block tridiagonal structure

Table 6. Nonzeros in Factors

rankikw and LU1SOL and
TEAR-DROP TEAR-DROP ma28* ma48 umfpack1.0
Isom__30K 1.95x10° 3.08%10° 1.08x10° 2.36x10° 1.23x10°
4Cols 4.04x10° 6.00x 10° 9.67x10* 3.23x10° 3.68x10°
10Cols 1.07x 108 1.43x 108 248 % 10° 8.67x10° 1.05x10°
BigEquil 1.07x10° 1.45x10° 3.30x 10* 7.23%x10* 8.81x10*
PPP 1.40x 103 1.24%x10° 4.50%x 104 8.85%10* 9.10% 10*
Wood7 6.53x10* 7.82x10* 6.76 X 10* 4.85%x10* 5.78 x10*
Wood8 4.00% 10° 5.04%10° 9.89x 104 2.70%10° 3.42x10°
Ethyl60 1.06x 10° 9.08x10° 2.61x10° 435%10° 4.11x10°
Ethyl80 1.76 x 10¢ 1.04%x 10° N/A 6.14 % 10° 5.32x10°
*ma28 has the least fill except for matrices Wood7 and Ethyl80.
December 1997 Vol. 43, No. 12 AIChE Journal

3202



Table 7. Statistics with RBBD TEAR-DROP

No. of No. of

Matrix and Order Total Diag. Largest Border Factor
Order/No. of Time Reordering Blocks Diag. Columns Time

Models M max (s) (s) Reordered Block (“tears”) (s)
Isom__30K 1,000 497 5.22 356 995 2,592 0.85
19995/14201 2,000 4.56 5.33 346 1,995 2,532 0.86
19,995 0 27.73 1 19,995 0 16.45
4Cols 1,000 1.66 2.49 22 993 1,330 2.85
12456,1482 2,000 0.87 2.86 9 1,997 364 3.08
11,770 0 20.42 i 11,770 0 22.82
10Cols 1,000 7.48 10.03 53 998 3,081 7.33
3114073702 2,000 4.26 9.44 26 1,965 1,040 7.62
29,496 0 118.62 1 29,496 0 115.55
BigEquil 1,000 0.27 0.48 17 855 479 0.52
8986,2545 2,000 0.19 0.65 9 1,788 302 0.93
3,961 0 1.91 1 3,961 0 4.72
PPP 1,000 1.17 1.90 44 986 323 0.35
14698/5780 2,000 0.64 2.21 16 1,992 111 0.38
8,201 0 10.27 1 8,201 0 0.41
Wood7 1,000 0.16 0.38 37 891 144 0.19
6858/2284 2,000 0.11 0.54 21 1,677 57 0.19
3,508 0 1.50 1 3,508 0 0.24
Wood8 1,000 1.49 2.17 19 948 1,017 6.51
17509/4444 2,000 1.09 242 16 1,876 744 4.36
17,509 0 13.51 1 9,087 0 2647
Ethyl _ 60 1,000 6.90 8.44 434 995 1,872 2.31
59080/31907 2,000 3.86 7.0 358 1,998 1,272 292
20,316 0 50.67 1 20,316 0 13.22
Ethyl__80 1,000 20.76 22.84 631 997 3,000 3.96
79554,/44800 2,000 11.66 15.99 563 1,966 2,164 3.94
50,172 0 204.94 1 50,172 0 3234

(Coon and Stadtherr, 1995) by eliminating the need for the
block tridiagonal structure.

Many (if not all) of the real-time optimization (RTO) sys-
tems in the process industry are equation-based. They use a
modular style of architecture in that, for each unit, a system
programmer handcrafts a subroutine that can generate the
needed partial derivatives and equation residuals for the
equations generated by that unit. In addition each unit in
these systems generally assumes the responsibility for calling
the procedures to evaluate the equations to estimate the
physical properties for its output streams. The executive sys-
tem asks each unit in turn for its equations. It then adds the
equations that connect the units and sends all these to a
Newton-based solver.

Note that this order of generating the equations is a pre-
ordering not unlike that we find for a flowsheet model. If the
linear equation solving package for the Newton-based nonlin-
ear solver then restricts pivoting to be local (such as by set-
ting NSRCH to 4 for either ma28 or ma48), the fill will be
largely restricted to occur within each of the units first. The
connection equations that allow fill to spill over from one
unit to another are not used until all the units are pivoted.
Our results here suggest these systems will experience re-
duced fill, as we have. It takes the combination of the order-
ing used to generate the equations and the limited search
when pivoting to get this benefit.

These systems can also directly use the TEAR-DROP al-
gorithm to preorder their equations. They can first construct
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a DAG (as we did in Figure 3) with the flowsheet as a whole
being the top node. Then, they can create a node in the DAG
for each unit in the flowsheet and link each as a child node
to the top node. Finally, they can create a node for each
stream in the flowsheet and attach each as a child to the two
nodes that stream connects in the flowsheet. With this DAG,
they can readily apply the TEAR-DROP algorithm to estab-
lish the order in which to generate the equations for the
flowsheet. The order would differ slightly in that streams
would be placed closer to the units they connect. The method
would yield a type of decomposition similar to what we have
obtained using a hierarchical modeling system. The flowsheet
is treated as being constructed out of its parts, that is, the
units within it. Many embellishments to this module-based
algorithm are possible.

However, we suggest that this approach can be improved
even more. It does not allow the solver to find substructures
in the equations that may be generated by a large unit such
as a distillation column. One could modify the column mod-
ule to view its equations as coming from its parts, which could
be column sections and their connecting streams. Each col-
umn section could then view its equations as coming from its
parts, the trays and their connecting equations. A large unit
operation module could represent this additional structural
information as an array of integers, one for each matrix row,
indicating to which part, subpart, sub-sub part, etc., the row
belongs in a fictitious hierarchy of parts. Each unit could pass
this information to the solver along with its equations as it
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generates them. Then, a TEAR-DROP type of algorithm
could reorder and decompose the entire flowsheet quickly and
from a global perspective, including decomposing the large
unit operation modules as needed to gain the full advantage
of what we have seen. The units “know” this information;
they should supply it to the solver.
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